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We propose a multiscalar singlet extension of the singlet-triplet Higgs model capable of explaining
the SM fermion mass spectrum and mixing parameters. Our model is based on the ∆ (27) family
symmetry, supplemented by cyclic symmetries, which are spontaneously broken thus yielding the
observed hierarchy of the SM charged fermion masses and quark mixing angles. The masses of the
light active neutrinos are produced by type-II seesaw mechanism mediated by the neutral component
of the SU(2)L scalar triplet. The model symmetries lead to the extended Gatto-Sartori-Tonin
relations between the quark masses and mixing angles.
I. INTRODUCTION
Despite its great experimental success, the Standard Model (SM) does not answer several fundamental questions such
as, for instance, the number of fermion families and the observed pattern of fermion masses and mixing angles. While
the quark mixing angles are very small, thus implying a quark mixing matrix close to the identity matrix, two of the
leptonic mixing angles are large, and one is small, i.e, of the order of the Cabbibo angle, indicating that the leptonic
mixing matrix is significantly different from the identity matrix. This aforementioned experimental fact suggests a
different kind of New Physics in the neutrino sector in comparison with the quark sector. The Daya Bay [3], T2K
[4], MINOS [5], Double CHOOZ [6] and RENO [7] neutrino oscillation experiments, have brought clear evidence that
at least two of the light active neutrinos have non-vanishing masses. These experiments have provided important
constraints on the neutrino mass squared splittings and leptonic mixing parameters [8]. On the other hand, the SM
does is unable to explain the large hierarchy of fermion masses, which is extended over a range of about thirteen orders
of magnitude, from the neutrino mass scale up to the top quark mass. This, the so-called “flavor puzzle” which is
left without an explanation by the SM, motivates the introduction of various SM extensions with larger scalar and/or
fermion sectors with extended gauge group and discrete flavour symmetries in order to get viable and predictive
fermion mass matrix textures that explain the SM fermion mass spectrum and fermionic mixing parameters. Using
discrete family symmetries in several theories corresponding to extensions of the Standard Model allow to successfully
explain the observed pattern of charged fermion masses and mixing angles (recent reviews on discrete flavor groups
are provided in Refs. [9–14]). In this line of thought, several discrete groups have been employed in those extensions
of the SM, such as S3 [15–47], A4 [48–80], S4 [81–95], D4 [96–104], Q6 [105–115], T7 [116–125], T13 [126–129], T
′
[130–145], ∆(27) [147–166, 169–173], ∆(54) [174], ∆(96) [175–177], ∆(6N2) [178–180], Σ(26×3) [181], Σ(72×3) [182]
and A5 [183–193].
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2An extra motivation to use discrete flavor symmetries is that these can arise from the underlying theory, e. g., string
theory or compactification via orbifolding. In particular, from the heterotic orbifold models one can generate the
D4 and ∆(54) flavor symmetries [194–198]. Furthermore, magnetized/intersecting D-brane models can generate the
∆(27) flavor symmetry [194–198].
In this paper we propose a predictive multiscalar singlet extension of the singlet-triplet Higgs model, capable of
explaining the current SM fermion mass spectrum and fermionic mixing parameters. In our model we use ∆ (27) family
symmetry supplemented by other auxiliary cyclic symmetries, whose spontaneous breaking at very large energy scale,
produces predictive and viable textures for the fermion sector, which in a natural benchmark scenario with just two
free quark sector parameters, allows to reasonably reproduce the experimental values of the ten physical observables of
the quark sector. The model symmetries yield extended Gatto-Sartori-Tonin relations between the quark masses and
mixing angles consistent with the low energy quark flavor data. In our model the masses of the light active neutrinos
are generated from a type-II seesaw mechanism mediated by the neutral component of the SU(2)L scalar triplet. The
experimental values for the physical observables of the lepton sector are also successfully reproduced for both normal
and inverted neutrino mass hierarchy. We use the ∆(27) discrete group, since it is the smallest non trivial group of
the type ∆(3n2) and is isomorphic to the semi-direct product group (Z ′3 × Z ′′3 )o Z3.
The layout of the remainder of the paper is as follows. In section II we describe the model-setup. In section III we
present the implications of our model for the quark sector observables. Section IV discusses the masses and mixings
in the lepton sector. Our conclusions are provided in section V. A concise description of the ∆ (27) discrete group is
presented in Appendix A.
II. THE MODEL
We propose an extension of the singlet-triplet Higgs model where the full symmetry G features the following sponta-
neous symmetry breaking chain:
G = SU(3)C × SU (2)L × U (1)Y ×∆ (27)× Z16 × Z24
⇓ Λint
SU(3)C × SU (2)L × U (1)Y
⇓ v
SU(3)C × U (1)Q (1)
where the scale of spontaneous breaking of the ∆ (27)×Z16×Z24 discrete group, namely Λint is assumed to be much
larger than the Fermi scale, thus implying the hierarchy Λint  v, where v = 246 GeV.
The fermion assignments under the group ∆ (27)× Z16 × Z24 are:
q1L ∼
(
10,2,e
− 3ipi8 , 1
)
, q2L ∼
(
10,2,e
− ipi4 , 1
)
, q3L ∼ (10,0, 1, 1) ,
u1R ∼
(
10,0, e
5ipi
8 , 1
)
, u2R ∼
(
11,1,e
ipi
4 , 1
)
, u3R ∼ (10,0,1, 1) ,
d1R ∼
(
10,1, e
5ipi
8 , 1
)
, d2R ∼
(
12,0, e
3ipi
8 , e
ipi
3
)
, d3R ∼
(
10,0, e
3ipi
8 ,−1
)
,
lL ∼ (3, 1, 1) , l1R ∼
(
10,0, e
7ipi
8 , ie−
7ipi
3
)
, l2R ∼
(
11,0, e
4ipi
8 , e−
4ipi
3
)
l3R ∼
(
12,0, e
ipi
8 ,−ie− ipi3
)
. (2)
The scalar sector of the model is composed of an SM Higgs doublet φ, an SU (2) scalar triplet ∆ with lepton number
equal to −2 and hypercharge equal to 1 and eighteen scalar SM singlets, i.e, S, σ, ρ, η, τ , χ1, χ2, ϕ1, ϕ2, ξi, ζi, Φi
(i = 1, 2, 3). Of these fifteen only S has a non-vanishing lepton number, which is set to 2, to allow the quartic scalar
interaction Sφ†∆φ. Then the S is required to have vanishing hypercharge. The ∆ (27) × Z16 × Z24 assignments for
3q1L q2L q3L u1R u2R u3R d1R d2R d3R lL l1R l2R l3R
∆ (27) 10,2 10,2 10,0 10,0 12,2 10,0 10,1 12,0 10,0 3 10,0 11,0 12,0
Z16 e
− 3ipi
8 e−
ipi
4 1 e
5ipi
8 e−
ipi
4 1 e
5ipi
8 e
3ipi
8 e
3ipi
8 1 e
7ipi
8 e
4ipi
8 e
ipi
8
Z24 1 1 1 1 −1 1 1 e ipi3 −1 1 ie− 7ipi3 e− 4ipi3 −ie− ipi3
Table I: Fermion assignments under ∆ (27)× Z16 × Z24.
φ ∆ σ ρ η τ χ1 χ2 ξ ζ Φ ϕ1 ϕ2
∆ (27) 10,0 10,0 10,1 12,1 10,0 11,0 11,0 11,1 3 3 3 10,0 12,0
Z16 1 1 e
− ipi
8 e−
ipi
8 e−
ipi
8 e−
ipi
8 e−
ipi
8 e−
ipi
8 1 −1 −1 1 −1
Z24 1 1 1 1 e
ipi
3 i
1
2 e−
ipi
12 e−
ipi
12 1 e−
2ipi
3 e−
2ipi
3 −i i 12
Table II: Scalar assignments under ∆ (27)× Z16 × Z24.
the scalar sector are:
φ ∼ (10,0,1,1) , S ∼ (10,0,1,1) , σ ∼
(
10,1, e
− ipi8 , 1
)
, ρ ∼
(
12,1,e
− ipi8 , 1
)
,
η ∼
(
10,0, e
− ipi8 , e
ipi
3
)
, τ ∼
(
11,0,e
− ipi8 , i
1
2
)
, χ1 ∼
(
11,0,e
− ipi8 , e−
ipi
12
)
χ2 ∼
(
11,1,e
− ipi8 , e−
ipi
12
)
, ξ ∼ (3, 1, 1) , ζ ∼
(
3,−1, e− 2ipi3
)
, ∆ ∼ (10,0,1,1) ,
ϕ1 ∼ (10,0, 1,−i) , ϕ2 ∼
(
12,0,−1, i 12
)
(3)
We decompose the scalar fields around their VEVs as
φ =
(
pi+
1√
2
(
v + φ0 + ipi0
) ) , ∆ = ( ∆+√2 ∆++
v∆ + ∆
0
1 + i∆
0
2 −∆
+√
2
)
, S = vS +
1√
2
(SR + iSI) . (4)
Since all singlet scalars acquire vacuum expectation values (VEVs) at a scale much larger than the electroweak
symmetry breaking scale, they are very heavy and thus the mixing angles of these scalar singlets with the scalar
fields φ, ∆ and S are very suppressed by ratio of their VEVs, which is a consequence of the method of recursive
expansion proposed in Ref. [202]. Consequently, we can neglect the mixing angles between these scalar fields, and at
energies scales . O(1) TeV, it is enough to consider the low energy scalar potential of the model, studied in detail
in Ref. [203], where it was demonstrated that the Majoron ηI resulting from the spontaneous breaking of the lepton
number symmetry is given by the following linear combination
ηI =
vS
(
v2 + 4v2∆
)
SI + 2v
2
∆vpi
0 − v2v∆∆02√
v2S (v
2 + 4v2∆)
2
+ 4v2v4∆ + v
4v2∆
(5)
In order to be consistent with the invisible Z-decay and the precision electroweak measurements one requires v∆ << vS
and v∆ << v = 246 GeV, respectively. We note that without S our model at low energies would reduce to the triplet
Majoron model [204], ruled out by the invisible Z-decay data.
We assume the following VEV pattern for the ∆ (27) triplet SM singlet scalars ξ, ζ and Φ:
〈ξ〉 = vξ√
3
(1, 1, 1) , 〈ζ〉 = vζ√
2
(1, 0, 1) , 〈Φ〉 = vΦ (0, 1, 0) , (6)
which is a natural solution of the scalar potential minimization equations for the whole region of parameter space, as
shown in detail in Refs. [167, 168]
4With the above particle content, the following Yukawa terms arise:
LY = y(U)33 q3Lφ˜u3R + y(U)23 q2Lφ˜u3R
σ2
Λ2
+ y
(U)
22 q2Lφ˜u2R
τ4
Λ4
+ y
(U)
11 q1Lφ˜u1R
σ8
Λ8
+y
(D)
33 q3Lφd3R
η3
Λ3
+ y
(D)
13 q1Lφd3R
σρτ4
Λ6
+ y
(D)
22 q2Lφd2R
χ42σ
Λ5
+ y
(D)
12 q1Lφd2R
χ41σ
2
Λ6
+ y
(D)
11 q1Lφd1R
σ8
Λ8
+y
(l)
1
(
lLφξ
)
10,0
l1R
η7ϕ1
Λ9
+ y
(l)
2
(
lLφξ
)
12,0
l2R
η4
Λ5
+ y
(l)
3
(
lLφξ
)
11,0
l3R
ηϕ∗1
Λ3
+ y
(l)
4
(
lLφξ
)
11,0
l1R
η7ϕ∗22
Λ10
+y
(l)
5
(
lLφξ
)
10,0
l3R
ηϕ22
Λ4
+ y
(ν)
1
(
lCL iσ2∆lL
)
3S1
ζη8
Λ9
+ y
(ν)
2
(
lCL iσ2∆lL
)
3S2
ζη8
Λ9
+y
(ν)
3
(
lCL iσ2∆lL
)
3S1
Φη8
Λ9
+ y
(ν)
4
(
lCL iσ2∆lL
)
3S2
Φη8
Λ9
+ h.c, (7)
where the dimensionless couplings are presumably O(1) parameters. Furthermore, as it will be shown in Sect. III,
the quark assignments under the different group factors of our model will give rise to SM quark mass textures where
the Cabbibo mixing as well as the mixing in the 1-3 plane emerges from the down type quark sector, whereas the up
type quark sector generates the quark mixing angle in the 2-3 plane.
In a generic scenario the Yukawa couplings are complex. However, not all of them are physical. Some phases can
be rotated away by the phase rotation of the quark and lepton fields. The conditions for the rotation away of the
Yukawa phases by the redefinition of the phases αf of the fermion fields are:
arg
(
y
(U)
33
)
− αq3L + αu3R = 0, arg
(
y
(U)
23
)
− αq2L + αu3R = 0, (8)
arg
(
y
(U)
22
)
− αq2L + αu2R = 0, arg
(
y
(U)
11
)
− αq1L + αu1R = 0,
arg
(
y
(D)
33
)
− αq3L + αd3R = 0, arg
(
y
(D)
13
)
− αq1L + αd3R = 0,
arg
(
y
(D)
22
)
− αq2L + αd2R = 0, arg
(
y
(D)
12
)
− αq1L + αd2R = 0,
arg
(
y
(D)
11
)
− αq1L + αd1R = 0,
arg
(
y
(l)
1
)
− αlL + αl1R = 0, arg
(
y
(l)
2
)
− αlL + αl2R = 0,
arg
(
y
(l)
3
)
− αlL + αl3R = 0, arg
(
y
(l)
4
)
− αlL + αl1R = 0,
arg
(
y
(l)
5
)
− αlL + αl3R = 0, (9)
arg
(
y
(ν)
1,2,3,4
)
+ 2αlL = 0. (10)
As seen, in the quark sector all the Yukawa phases can be rotated away. Thus, all the Yukawa coupling of the
quark sector can be set real. In the sector of the charged leptons there is one physical phase. This can be the
phase of one of the Yukawa couplings: y
(l)
1,3,4,5, while y
(l)
2 is always real. In the neutrino sector all the Yukawa
phases are physical. Consequently, the observed CP violation in the quark sector will arise from complex vacuum
expectation values of the gauge singlet scalars charged under the discrete symmetries of the model. Thus, the
spontaneous breaking of the discrete symmetries of our model, gives rise to the observed CP violation in the quark
sector. This mechanism of generating CP violation in the fermion sector from the spontaneous breaking of the
discrete groups is called Geometrical CP violation and has been implemented in other models, such as, for example,
in Refs. [95, 142, 145, 149, 151, 155, 199, 200]. A concise review of group theoretical origin of CP violation is provided
in Ref. [201]. The geometrical CP violation can have implications for leptogenesis, see, for example, Ref. [142].
Let us comment on the role of each discrete group factor of our model. We were searching for such discrete groups,
which would allow us at minimal cost to reach viable textures for the fermion sector, consistent with the observed
pattern of fermion masses and mixings. We found that ∆ (27) × Z16 × Z24 is a good candidate, since the Z16 and
Z24 symmetries give rise to the hierarchical structure of the charged fermion mass matrices that yields the observed
charged fermion mass and mixing pattern. At the same time, it is worth mentioning the properties of the ZN groups;
in particular, the Z16 symmetry is the smallest cyclic symmetry that allows us to build the Yukawa terms, q1Lφ˜u1R
σ8
Λ8
and q1Lφd1R
σ8
Λ8 , of dimension twelve from an
σ8
Λ8 insertion on the q1Lφ˜u1R and q1Lφd1R operators. These are crucial
5to get the required λ8 suppression (where λ = 0.225 is one of the Wolfenstein parameters) in the 11 entry of the quark
mass matrices to naturally explain the smallness of the up and down quark masses. In addition, it is noteworthy that
the small value of the up and down quark masses naturally arises from the aforementioned quark Yukawa terms of
dimension 12. Along with this, we use the Z24 discrete symmetry since it is the smallest cyclic symmetry that contains
both the Z6 and Z8 symmetries that glue η
3 and τ4 with d3R, respectively, which is crucial for generating the right
value for the bottom quark mass and for the quark mixing angle in the 1-3 plane, without tuning the corresponding
Yukawa couplings.
Besides that, as the hierarchy among charged fermion masses and CKM parameters emerges from the spontaneous
breaking of the ∆ (27)× Z16 × Z24 discrete group, we set the magnitudes of the VEVs of the SM singlet scalar fields
σ, ρ, η, τ , χ1, χ2, ϕ1, ϕ2, ξi, ζi (i = 1, 2, 3) with respect to the Wolfenstein parameter λ = 0.225 and the model cutoff
Λ, as follows:
|vΦ| ∼ |vζ | ∼ |vξ| ∼ |vσ| ∼ |vρ| ∼ |vη| ∼ |vτ | ∼ |vχ1 | ∼ |vχ2 | ∼ |vϕ1 | ∼ |vϕ2 | ∼ |vξ| ∼ λΛ. (11)
It is straightforward to show that the aforementioned assumption is consistent with the minimization conditions of
the scalar potential (see, for instance, Refs. [164, 166]). To show that, it is sufficient to consider the quartic scalar
couplings of order unity and the mass coefficients of the bilinear mass terms of the same order of magnitude.
In the standard basis, the mass terms are given by
LY = d¯LMddR + u¯LMuuR + l¯LMllR + 1
2
ν¯LMν(νL)
C + h.c, (12)
where the mass matrices Md,u,l,ν are determined by the Yukawa couplings (7) and will be studied in what follows.
III. QUARK MASSES AND MIXINGS
The quark Yukawa interactions of Eq. (7) and the relation given by Eq. (11), give rise to the following SM quark
mass matrices are:
Mu =
 a
(U)
1 λ
8 0 0
0 a
(U)
2 λ
4 a
(U)
4 λ
2
0 0 a
(U)
3
 v√
2
, Md =
 a
(D)
1 λ
8 a
(D)
4 λ
6 a
(D)
5 λ
6
0 a
(D)
2 λ
5 0
0 0 a
(D)
3 λ
3
 v√
2
, (13)
where λ = 0.225 is one of the Wolfenstein parameters, v = 246 GeV the scale of electroweak symmetry breaking and
a
(U)
i (i = 1, 2, 3, 4) and a
(D)
j (j = 1, 2, 3, 4) are O(1) parameters. From the SM quark mass textures given above, it
follows that the Cabbibo mixing as well as the mixing in the 1-3 plane emerges from the down type quark sector,
whereas the up type quark sector generates the quark mixing angle in the 2-3 plane.
The hierarchical structure of the quark mass matrices (13) in the form of different powers of λ-parameter is a conse-
quence of the symmetries of our model. If this hierarchical structure correctly reproduces the experimentally observed
quark mass hierarchy we expect that all the dimensionless parameters are a
(U,D)
i ∼ 1. As we will see, the values of
these parameters, obtained from a fit to the quark masses and mixing angles, are compatible with this expectation.
This observation, in particular, justifies the simplifying assumption a
(D)
4 = a
(D)
1 allowing analytical diagonalization
of the quark mass matrices. We do not use this simplification in our numerical analysis, but adopt it in order to
derive certain analytical formulas, which help reveling some properties of our model. With the simplified assumption
a
(D)
4 = a
(D)
1 we can write the quark mass matrices (13) in the form
Mu =
 AU 0 00 BU CU
0 0 FU
 , Md =
 ADλ2 AD FD0 BD 0
0 0 CD
 , (14)
with
AD = a
(D)
1 λ
6 v√
2
, BD = a
(D)
2 λ
5 v√
2
, CD = a
(D)
3 λ
3 v√
2
, FD = a
(D)
5 λ
6 v√
2
;
AU = a
(U)
1 λ
8 v√
2
, BU = a
(U)
2 λ
4 v√
2
, CU = a
(U)
4 λ
2 v√
2
, FU = a
(U)
3
v√
2
. (15)
6In general, these mass matrices are complex and these can be diagonalized by the unitary matrices Uu(L,R) and
Ud(L,R) such that
Mˆd = diag (md,ms,mb) = U
†
dLMdUdR, Mˆu = diag (mu,mc,mt) = U
†
uLMuUuR. (16)
In order to find the CKM matrix defined as
VCKM = U†uLUdL (17)
we proceed in the standard way and consider the matrices MˆdMˆ
†
d = U
†
dLMdM
†
dUdL and MˆuMˆ
†
u = U
†
uLMuM
†
uUuL,
which are useful for derivation of UuL and UdL. As one can be verified, the associated CP phases to the hermitian
matrix MdM
†
d can be factorized as MdM
†
d = Pdmdm
†
dP
†
d where mdm
†
d is a real symmetric matrix and Pd =
Diag
(
1, e−iαD1 , e−iαD2
)
where
αD1 = αAD − αBD with αAD = arg (AD) and αBD = arg (BD)
αD2 = αFD − αCD with αFD = arg (FD) and αCD = arg (CD) . (18)
As usual we can write UdL = PdO
d. Explicitly, the real orthogonal matrix Od is given by
Od =

−
√
(|CD|2−|BD|2)(|CD|2−m2d)(|BD|2−m2d)
D1
√
(|CD|2−|BD|2)(|CD|2−m2s)(m2s−|BD|2)
D2
√
(|CD|2−|BD|2)(m2b−|CD|2)(m2b−|BD|2)
D3√
(|CD|2−m2d)(m2b−|BD|2)(m2s−|BD|2)
D1
√
(|CD|2−m2s)(m2b−|BD|2)(|BD|2−m2d)
D2
√
(m2b−|CD|2)(m2s−|BD|2)(|BD|2−m2d)
D3√
(|CD|2−m2s)(m2b−|CD|2)(|BD|2−m2d)
D1 −
√
(|CD|2−m2d)(m2b−|CD|2)(m2s−|BD|2)
D2
√
(|CD|2−m2s)(|CD|2−m2d)(m2b−|BD|2)
D3

(19)
with
D1 =
(
|CD|2 − |BD|2
) (
m2b −m2d
) (
m2s −m2d
)
,
D2 =
(
|CD|2 − |BD|2
) (
m2b −m2s
) (
m2s −m2d
)
,
D3 =
(
|CD|2 − |BD|2
) (
m2b −m2s
) (
m2b −m2d
)
. (20)
As seen from (19), there is a condition on the parameters mb > |CD| > ms > |BD| > md.
In the up quark sector, analogously to the down quark sector, we obtain that MuM
†
u = Pumum
†
uP
†
u where mum
†
u
is a real symmetric matrix and Pu = Diag
(
1, 1, e−iαU
)
where
αU = αCU − αFU with αCU = arg (CU ) and αFU = arg (FU ) . (21)
Then, we choose appropriately UuL = PuOu where
Ou =
 1 0 00 cos θu sin θu
0 − sin θu cos θu
 , cos θu = 1√
2
√
m2t −m2c − |CU |2 +Ru
m2t −m2c
, sin θu =
1√
2
√
m2t −m2c + |CU |2 −Ru
m2t −m2c
(22)
with Ru =
√
(m2t +m
2
c − |CU |2)2 − 4m2tm2c , and the condition mt > |CU | > mc to be satisfied.
Then, we obtain the CKM mixing matrix (17) in the form
VCKM =
 Od11 Od12 Od13Od21 cos θue−iαD1 −Od31 sin θue−iα¯D2 Od22 cos θue−iαD1 −Od32 sin θue−iα¯D2 Od23 cos θue−iαD1 −Od33 sin θue−iα¯D2
Od21 sin θue
−iαD1 +Od31 cos θue
−iα¯D2 Od22 sin θue
−iαD1 +Od32 cos θue
−iα¯D2 Od23 sin θue
−iαD1 +Od33 cos θue
−iα¯D2
 ,
(23)
7where α¯D2 = αD2 − αU . Note that this mixing matrix depends on four free parameters |CU |, |CD|, |BD| and
one effective CP violating phase to be adjusted in order to reproduce the CKM matrix elements. However, as one
can verify, the correct value of the Cabbibo angle is obtained with the following values of the model parameters
|CU |2 = m2c +mtmc, |CD|2 = m2b and |BD|2 = m2s −msmd. Then, we have
V CKMus ≈
√
md
ms
(
1 +
1
2
m2d
m2s
)
, V CKMcb ≈ −
√
mc
mt
, V CKMtd ≈
√
md
ms
√
mc
mt
. (24)
These approximate relations, valid in our model, are in agreement with the well known extended Gatto-Sartori-Tonin
relations [206–217].
After these notes on some properties of our model derived from the explicit analytical expression for the quark
spectrum and CKM mixing matrix we carry out a numerical analysis without imposing a
(D)
4 = a
(D)
1 . We find that
the experimental values for the physical quark mass spectrum [218, 219], mixing angles and CP violating phase [205]
can be reproduced for the following benchmark point:
a
(U)
1 ' 1.252, a(U)2 ' 1.415, a(U)3 ' 0.989, a(U)4 ' 0.802, a(D)1 ' 0.579,
a
(D)
2 ' 0.570, a(D)3 ' 1.416, a(D)4 ' 0.583, a(D)5 ' 0.163 + 0.403i. (25)
Naturally, ten free parameters fit perfectly ten observables, but what is important is that the absolute values of all the
parameters are |a(A)i | ∼ 1. This means that the hierarchies existing in the quark spectrum and mixing is reproduced
by the symmetries of the model resulting in the particular texture of the quark mass matrices (13) without the need
of manual introduction of a hierarchy in the free parameters a
(A)
i . We only mildly tune these parameters to perfectly
reproduce the quark masses and mixing.
The result of the fit in Eq. (25) suggests several simplified benchmark scenarios:
S-5 (5 parameters): a
(D)
4 = a
(D)
1 , a
(U)
1 = a
(U)
3 = 1, a
(D)
3 = a
(U)
2 . (26)
Best-fit values: a
(U)
2 ' 1.43, a(U)4 ' 0.80, a(D)1 ' 0.58, a(D)2 ' 0.57,
∣∣∣a(D)5 ∣∣∣ ' 0.44.
S-4 (4 parameters): a
(D)
4 = a
(D)
1 = a
(D)
2 , a
(U)
1 = a
(U)
3 = 1, a
(D)
3 = a
(U)
2 . (27)
Best-fit values: a
(U)
2 ' 1.42, a(U)4 ' 0.81, a(D)1 ' 0.58,
∣∣∣a(D)5 ∣∣∣ ' 0.43.
S-3 (3 parameters): a
(D)
4 = a
(D)
1 = a
(D)
2 , a
(U)
1 = a
(U)
3 = a
(U)
4 = 1, a
(D)
3 = a
(U)
2 . (28)
Best-fit values: a
(U)
2 ' 1.42, a(D)1 ' 0.58,
∣∣∣a(D)5 ∣∣∣ ' 0.43.
S-2 (2 parameters): a
(D)
4 = a
(D)
1 = a
(D)
2 , a
(U)
1 = a
(U)
3 = a
(U)
4 = a
(D)
3 = a
(U)
2 = 1. (29)
Best-fit values: a
(D)
1 ' 0.58,
∣∣∣a(D)5 ∣∣∣ ' 0.31.
Observable S-5 S-4 S-3 S-2 Experimental value
mu(MeV ) 1.16 1.16 1.16 1.16 1.45
+0.56
−0.45
mc(MeV ) 641 635 634 448 635± 86
mt(GeV ) 174 174 174 174 172.1± 0.6± 0.9
md(MeV ) 2.9 2.9 2.9 2.9 2.9
+0.5
−0.4
ms(MeV ) 59.2 60.1 60.1 60.1 57.7
+16.8
−15.7
mb(GeV ) 2.85 2.82 2.82 1.99 2.82
+0.09
−0.04
sin θ12 0.225 0.220 0.220 0.220 0.225
sin θ23 0.0407 0.0411 0.0507 0.0507 0.0412
sin θ13 0.00352 0.00351 0.00351 0.00351 0.00351
Table III: Values of the CKM parameters and quark masses in our model compared with the experimental ones. The columns
label S-P correspond to the different benchmark scenarios, where P stands for the number of free parameters. The quark masses
are given at the MZ scale.
8As seen from Tab. III the 5- and 4-parameter scenarios S-5 and S-4 fit perfectly the experimental data. Even the
2-parameter scenario S-2 does not contradict the data. In view of this fact it becomes tempting to think that the
conditions (26), (27), (28), (29), imposed as additional constraints, actually originate from some symmetry compatible
with our model, but missed in the present study. We will address this possibility elsewhere.
IV. LEPTON MASSES AND MIXINGS
Analyzing the lepton sector of the model we adopt a simplifying benchmark scenario with particular assumption about
the model parameters
y
(l)
4 = y
(l)
1 , y
(l)
5 = −y(l)3 , vϕ1 = λ cos θlΛ, vϕ2 =
√
λ sin θlΛ, vη = λΛ, (30)
where sin θl ∼ O(λ). This scenario is compatible with the VEV hierarchy (11) and, as we will show, features a nice
simple relation between the reactor mixing angle and the Wolfenstein parameter.
In what follows we limit ourselves to this scenario considering the relations (30) as additional constraints on our
model parameter space. On the other hand it is possible that the relations (30) arise in our model framework as a
consequence of some unrecognized symmetry or can be attributed to a particular ultraviolet completion of the model.
From the lepton Yukawa terms in Eq. (7) we find the charged lepton mass matrix Ml defined in (12). It can be
written in the form
Ml = RlLSlLDiag (me,mµ,mτ ) , RlL =
1√
3
 1 1 11 ω ω2
1 ω2 ω
 , ω = e 2pii3 , Sl =
 cos θl 0 − sin θl0 1 0
sin θl 0 cos θl
 , (31)
where the charged lepton masses are given by:
me = a
(l)
1 λ
9 v√
2
, mµ = a
(l)
2 λ
5 v√
2
, mτ = a
(l)
3 λ
3 v√
2
. (32)
Here a
(l)
i (i = 1, 2, 3) are O(1) dimensionless parameters.
In the standard basis (12) the charged lepton mass matrix is diagonalized with UlL = RlLSl so that U
†
lLMlUlL =
STl R
†
lLRlLSl ·Diag(me,mµ,mτ ) = Diag(me,mµ,mτ ).
The neutrino mass matrix, derived from the Yukawa terms in Eq. (7), is given by:
Mν =
aν bν cνbν dν bν
cν bν aν
 (33)
where
aν = y
(ν)
1
vζv
8
η√
2Λ9
v∆, bν = y
(ν)
2
vζv
8
η√
2Λ9
v∆, cν = y
(ν)
4
vΦv
8
η
Λ9
v∆, dν = y
(ν)
3
vΦv
8
η
Λ9
v∆. (34)
Diagonalization of neutrino mass matrix U†νMνU
∗
ν = Mˆ = diag (m1,m2,m3) is realized by Uν = Upi/4uν so that
Mˆ = u†νmνu
∗
ν , mν =
 aν + cν
√
2bν 0√
2bν dν 0
0 0 aν − cν
 , Upi/4 =

1√
2
0 − 1√
2
0 1 0
1√
2
0 1√
2
 , (35)
where
uν =
 cos θν sin θν 0− sin θν cos θν 0
0 0 1
 . (36)
9with
tan 2θν =
√
8bν
dν − aν − cν (37)
and the neutrino masses given by
m1 = (aν + cν) cos
2 θν + dν sin
2 θν −
√
2bν sin 2θν ,
m2 = (aν + cν) sin
2 θν + dν cos
2 θν +
√
2bν sin 2θν ,
m3 = aν − cν ,
(38)
Considering the PMNS mixing matrix, defined as V = U†lLUν , we find its matrix elements:
V11 =
√
2
3
cos θl cos θν
[
1− ω
2
tan θl −
√
2
2
tan θν (1 + ω tan θl)
]
,
V12 =
1√
3
cos θl cos θν
[
1 + ω tan θl +
√
2 tan θν
(
1− ω
2
tan θl
)]
,
V13 = − iω√
2
sin θl,
V21 = − ω
2
√
6
cos θν
[
1 +
√
2 tan θν
]
,
V22 =
ω2√
3
cos θν
[
1− 1√
2
tan θν
]
,
V23 =
iω2√
2
,
V31 = − ω√
6
cos θl cos θν
[
1 +
√
2 tan θν +
√
2ω2 tan θl
(√
2− tan θν
)]
,
V32 =
ω√
3
cos θl cos θν
[
1− 1√
2
tan θν − ω2 tan θl
(
1 +
√
2 tan θν
)]
,
V33 = − iω√
2
cos θl. (39)
In the standard parametrization of the PMNS matrix we have the generic relations
sin2 θ13 = |V13|2 , sin2 θ23 = |V23|
2
1− |V13|2
, sin2 θ12 =
|V12|2
1− |V13|2
. (40)
Examining Eqs. (39) and (40) we get a nice relation between the reactor and atmospheric angles:
sin2 θ23 =
1/2
1− sin2 θ13
, (41)
which satisfies the experimental data in Tables IV,V within ∼ 1σ both for normal hierarchy (NH) and inverted
hierarchy (IH). As seen from Eqs. (39) and (40) the model has only two free parameters θl and θν to fit four neutrino
sector observables: three angles θ12, θ23, θ13 and the CP-violating phase δCP .
On the other hand, according to Eqs. (38), (37), there are three parameters aν , bν , cν to fit two observables ∆m
2
21
and ∆m231/13, which means the model has no limitations on the neutrino mass squared differences. Any of their
experimental values can be reproduced exactly. That is why in Tables IV,V we do not show model values for these
two observables.
Then we fit only the neutrino mixing angles θij and the CP-violating phase δCP . The latter can be conveniently
extracted from the neutrino mixing matrix (39) using the Jarlskog invariant
JCP = Im [V23V
∗
13V12V
∗
22] (42)
10
and its equivalent definition [233] in the standard parametrization
JCP =
1
8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δCP . (43)
Comparing Eqs. (42) and (43) as well as taking into account (39), (40) we find an expression for sin δCP in terms of
the model parameters θl and θν .
Observable Model value
Experimental value
1σ range 2σ range 3σ range
∆m221 [10
−5eV2] (NH) – 7.55+0.20−0.16 7.20− 7.94 7.05− 8.14
∆m231 [10
−3eV2] (NH) – 2.50± 0.03 2.44− 2.57 2.41− 2.60
δCP [
◦] (NH) 233 218+38−27 182− 315 157− 349
sin2 θ12/10
−1 (NH) 3.2 3.20+0.20−0.16 2.89− 3.59 2.73− 3.79
sin2 θ23/10
−1 (NH) 5.11 5.47+0.20−0.30 4.67− 5.83 4.45− 5.99
sin2 θ13/10
−2 (NH) 2.170 2.160+0.083−0.069 2.03− 2.34 1.96− 2.41
Table IV: The model values shown in the table correspond to the results of the best fit for the mixing angles and CP violating
phase for normal hierarchy. The 1− 3σ experimental ranges [8] are also shown for comparison.
Observable Model value
Experimental value
1σ range 2σ range 3σ range
∆m221 [10
−5eV2] (IH) – 7.55+0.20−0.16 7.20− 7.94 7.05− 8.14
∆m213 [10
−3eV2] (IH) – 2.42+0.03−0.04 2.34− 2.47 2.31− 2.51
δCP [
◦] (IH) 233 281+23−27 229− 328 202− 349
sin2 θ12/10
−1 (IH) 3.20 3.20+0.20−0.16 2.89− 3.59 2.73− 3.79
sin2 θ23/10
−1 (IH) 5.11 5.51+0.18−0.30 4.91− 5.84 4.53− 5.98
sin2 θ13/10
−2 (IH) 2.223 2.220+0.074−0.076 2.07− 2.36 1.99− 2.44
Table V: The model values shown in the table correspond to the results of the best fit for the mixing angles and CP violating
phase for inverted hierarchy. The 1− 3σ experimental ranges [8] are also shown for comparison.
In Tables IV,V we show the best-fit values of the mixing angles sin2 θij and the CP-violating phase δCP corresponding
to the model parameters
NH : θl ≈ 12◦, θν ≈ −65◦,
IH : θl ≈ 12.2◦, θν ≈ −65◦. (44)
Varying the angles θν , θl within ∼ 1σ range of the experimental values of sin2 θij we find that in the benchmark
scenario (30) our model predicts
−3.0× 10−2 . JCP . −2.40× 10−2, 230◦ . δCP . 236◦ (45)
for both the normal and inverted neutrino mass spectrum.
The two Majorana phases, α and β, can be calculated through the invariants [229–232]
I1 = Im [V
∗
11V12] , I2 = Im [V
∗
11V13] , (46)
which in the standard parametrization of the PMNS matrix can be written in equivalent forms as follows:
I1 = cos θ12 sin θ12 cos
2 θ13 sin (α/2), I2 = cos θ12 sin θ13 cos θ13 sin (β/2− δCP ). (47)
Comparing these two equivalent definitions and taking into account Eqs. (39), (40) and (44) we find for the Majorana
phases
α ' 32◦, β ' 55◦ (48)
11
for both the normal and inverted neutrino mass hierarchies.
Another important observable, to be considered, is the effective Majorana neutrino mass parameter of neutrinoless
double beta decay (0νββ) defined as:
mee =
∣∣∣∣∣
3∑
i=1
miV
2
1i
∣∣∣∣∣ . (49)
In our model the mass parameter, mee, depends on the two model parameters θν , θl and lightest neutrino mass m1
for the normal and m3 for inverted hierarchy by virtue of
m2 =
√
∆m221 +m
2
1, m3 =
√
∆m231 +m
2
1 normal hierarchy,
m2 =
√
∆m213 + ∆m
2
21 +m
2
3, m1 =
√
∆m213 +m
2
3, inverted hierarchy. (50)
In Figs. 1 we show the conventional plots for correlations between the effective Majorana neutrino mass parameter
mee and the lightest active neutrino mass for the normal (left plot) and inverted (right plot) neutrino mass hierarchies.
The arrays of black points in these Figures were generated in our model by randomly variating the model parameters
θν and θl around their best-fit values (44) inside the 3σ experimental range of the mixing angles θij (see Tables IV,V).
The lightest active neutrino mass was randomly varied in the range 0 < m1 < 0.2 eV for the normal and 0 < m3 < 0.1
eV for the inverted neutrino mass hierarchy. As seen from Figs. 1 the effective Majorana neutrino mass parameter
mee lies within the limited ranges. Numerically they are
0.001 eV ≤ mee ≤ 0.05 eV NH (51)
0.02 eV ≤ mee ≤ 0.05 eV IH. (52)
Note that in our model the parameter mee is bounded from below even in the case of normal hierarchy. These values
0.001 0.005 0.010 0.050 0.100 0.500 1
0.005
0.010
0.050
0.100
0.500
1
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e
e
[e
V
]
0.001 0.005 0.010 0.050 0.100 0.500 1
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0.100
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1
m3[eV]
m
e
e
[e
V
]
Figure 1: Effective Majorana neutrino mass parameter mee as a function of the lightest active neutrino mass m1 for the normal
(left pannel) and inverted (right pannel) neutrino mass hierarchies. The green and brown horizontal lines are the upper bounds
0.1 eV and 0.16 eV from the KamLAND-Zen [222] and GERDA “phase-II”[223, 224] experiments, respectively. The vertical
blue, magenta, orange and gray lines are the upper bounds on the lightest neutrino mass from the combination of Cosmic
Microwave Background (CMB) radiation and Baryon acoustic oscillations (BAO) data [225], Cosmic Microwave Background
(CMB) radiation as well as lensing observations [226], Wilkinson Microwave Anisotropy Probe (WMAP) Observations [227]
and Katrin experiment [228], respectively. The black curve corresponds to the predictions of our model.
are within the declared reach of the next-generation bolometric CUORE experiment [220] or, more realistically, of
the next-to-next-generation ton-scale 0νββ-decay experiments (for a recent review see for instance Ref. [221]). The
currently most stringent experimental upper bound mee ≤ 160 meV is set by T 0νββ1/2 (136Xe) ≥ 1.1 × 1026 yr at 90%
C.L. from the KamLAND-Zen experiment [222].
Finally, let us briefly comment on the lepton flavor violating process, µ → e γ, which may be phenomenologically
dangerous for the models with the SM triplet scalars [235–238]. Our model is this very case: it has the triplet ∆
with the decomposition shown in Eq. (4). The contribution of the singly ∆+ and doubly ∆++ charged scalars to the
12
branching ratio (BR) of this process was found in Ref. [234]. In our model this contribution can be written in the
form
BR (µ→ e γ) ≈ 4.5× 10−3
(
1√
2v∆λ
9
)4 ∣∣∣∣(V∗Mˆ†νMˆνVT)
eµ
∣∣∣∣2(200 GeVm∆++
)4
(53)
where V is the PMNS mixing matrix. We assumed for simplicity m∆+ = m∆++ for the masses of the singly and doubly
charged scalars. Note that the PMNS matrix elements, depending in our model only on the θν and θl parameters,
have already been fixed numerically (44) from the fit to the experimental data on the neutrino mixing angles. The
neutrino masses are related by Eq. (50) to the lightest neutrino mass m1 or m3 for NH or IH, respectively. From
Eq. (53) we find the model prediction
BR (µ→ e γ) < 1.1× 10−23 Model (54)
for the range of the parameters: 0 . m1 . 0.2 eV for NH and 0 . m3 . 0.1 eV for IH as well as 80 Gev < m++∆ GeV
and v∆ < 5 GeV. The latter upper bound comes from the precision measurements of the SM ρ-parameter. The lower
limit for the mass of the singly and doubly charged Higges m++∆ derives from various low and high energy data [205].
The current experimental bound BR(µ→ e γ) < 4.2 × 10−13 [205] is significantly weaker than the model prediction
(54). Therefore, the model easily passes this phenomenological test.
V. CONCLUSIONS
We constructed a multiscalar singlet extension of the singlet-triplet Higgs model, which explains the observed pattern
of the quark and lepton masses and mixing by imposed symmetries and the field content. The model incorporates
the ∆ (27) family symmetry, which is supplemented by the Z16 × Z24 discrete group. The observed hierarchy of SM
charged fermion masses and mixing angles is produced by the spontaneous breaking of the ∆ (27)×Z16×Z24 discrete
group at a very high energy-scale. The light active neutrino masses arise from a type-II seesaw mechanism mediated
by the neutral component of the SU(2)L scalar triplet. The obtained physical observables for both quark and lepton
sectors are compatible with their experimental values. In the quark sector, there is a particular scenario inspired by
naturalness arguments, which allowed us to reduce the number of the model parameters from ten to four. Even in
this restricted scenario the model was able to accurately fit the ten observables of the SM quark sector. Moreover we
found in the model a natural benchmark scenario with just two free parameters allowing to reasonably reproduce the
experimental values of these ten observables.
The model is also successful in the neutrino sector, reproducing the mixing angles within 2 and 3σ of their most
recent experimental values. The inverted hierarchy is slightly favored by the model. The model predicts the effective
Majorana neutrino mass parameter of neutrinoless double beta decay in the range 0.001(0.02) eV . mee . 0.05 eV
for the normal (inverted) neutrino spectrum. We found the Jarlskog invariant and leptonic Dirac CP violating phase
in the ranges −3.0×10−2 . JCP . −2.40×10−2 and 230◦ . δCP . 236◦ both for normal and inverted neutrino mass
spectrum. In principle, we can also accommodate dark matter, adding to our model two complex scalar singlets, Φ1
and Φ2 with lepton number L = 1, as was done in Ref. [203]. In this work, we do not pretend to address the dark
matter problem, which is beyond the scope of this paper and will be addressed elsewhere.
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Appendix A: The product rules of the ∆(27) discrete group
The ∆(27) discrete group is a subgroup of SU(3) having 27 elements divided into 11 conjugacy classes. It has the
following 11 irreducible representations: one triplet 3, one antitriplet 3 and nine singlets 1k,l (k, l = 0, 1, 2), where k
13
and l correspond to the Z3 and Z
′
3 charges, respectively.
3⊗ 3 = 3S1 ⊕ 3S2 ⊕ 3A
3⊗ 3 = 3S1 ⊗ 3S2 ⊕ 3A
3⊗ 3 =
2∑
r=0
1r,0 ⊕
2∑
r=0
1r,1 ⊕
2∑
r=0
1r,2
1k,` ⊗ 1k′,`′ = 1k+k′mod3,`+`′mod3 (A1)
(A2)
Denoting (x1, y1, z1) and (x2, y2, z2) as the basis vectors for two ∆(27)-triplets 3, one finds:
(3⊗ 3)3S1 = (x1y1, x2y2, x3y3) ,
(3⊗ 3)3S2 =
1
2
(x2y3 + x3y2, x3y1 + x1y3, x1y2 + x2y1) ,
(3⊗ 3)3A =
1
2
(x2y3 − x3y2, x3y1 − x1y3, x1y2 − x2y1) ,(
3⊗ 3)
1r,0
= x1y1 + ω
2rx2y2 + ω
rx3y3,(
3⊗ 3)
1r,1
= x1y2 + ω
2rx2y3 + ω
rx3y1,(
3⊗ 3)
1r,2
= x1y3 + ω
2rx2y1 + ω
rx3y2, (A3)
where r = 0, 1, 2 and ω = ei
2pi
3 . More details on the ∆(27) discrete group are provided in Refs. [9, 164, 165]
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